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Smith sets of non-solvable groups whose nilquotients




Let G be a nite group. Two real G-modules U and V are called Smith equivalent if
there exists a smooth action of G on a sphere with exactly two xed points at which tangential
representations are isomorphic to U and V respectively. The Smith set of G is the subset of
the real representation ring of G consisting dierences of Smith equivalent G-modules. We
discuss the question when the Smith set of an Oliver group becomes a group and give several
examples of classes of non-solvable groups of which the Smith sets are groups.
x 1. Introduction
Let G be a nite group. Two real G-modules U and V are called Smith equivalent if
there exists a smooth action of G on a sphere  such that G = fx; yg, and Tx() = U
and Ty() = V as a real G-module. Let Sm(G), called the Smith set of G, be the
subset of the real representation ring RO(G) of G consisting of all dierences [U ]  [V ]
for real G-modules U and V which are Smith equivalent. If P is connected for any
subgroup P of G of prime power order, then we call that U and V are c-primary Smith
equivalent. Let PSmc(G) be the subset of Sm(G) consisting of all dierences for c-
primary Smith equivalent real G-modules. The set Sm(G) always contains the zero but
the set PSmc(G) contains the zero if and only if G is not of prime power order.
Atiyah and Bott [2] showed that the Smith set of a cyclic group of prime order is
zero, namely, Smith equivalent real modules are isomorphic. Cappell and Shaneson [4]
showed that the Smith set of any cyclic group C4n of order 4n  8 is not zero, namely,
there is a pair of non-isomorphic Smith equivalent real modules. Dovermann and Petrie
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[12] gave innitely many cyclic groups of odd order of which the Smith sets are not
zero. For a perfect group G, Laitinen and Pawa lowski [19] showed that PSmc(G) is
not zero if and only if the number, denoted by rG, of real conjugacy classes of elements
of G not of prime power is greater than or equal to 2. Pawa lowski and Solomon [26]
showed that for a gap Oliver group G with rG  2, if G 6= Aut(A6);PL(2; 27), then
PSmc(G) 6= 0. Note that rG = 2 for G = Aut(A6);PL(2; 27). Morimoto determined
PSmc(Aut(A6)) = Sm(Aut(A6)) = 0 [21] and PSm
c(PL(2; 27)) 6= 0 [22]. Pawa lowski
and Sumi [28] showed that PSmc(G) 6= 0 for a non-solvable group G with rG  2
which which is not isomorphic neither to Aut(A6) nor to PL(2; 27). Therefore, for
a non-solvable group G, PSmc(G) 6= 0 if and only if rG  2 and G 6= Aut(A6).
Many researchers have studied the problem [32] whether the Smith set is zero or not
[5, 11, 6, 7, 9, 12, 20, 34, 8, 14, 13].
In general, the Smith set is not a group. For example, Morimoto pointed out that
the Smith set of a cyclic 2-group is a nite set by Bredon's inspection [3] and therefore,
it is not a group (see [24, Theorem 1] for details). In this paper, we try to nd classes
of nite non-solvable groups G such that Sm(G) is a group.
Main Theorem. The Smith set Sm(G) is a group for groups G such as
 the alternating groups An,
 the symmetric groups Sn,
 the projective special linear groups PSL(2; q) and PSL(3; q),
 the projective general linear groups PGL(2; q) and PGL(3; q),
 the projective special unitary groups PSU(3; q2), and
 the sporadic groups and their automorphism groups.
This paper is organized as follows. In Section 2, we prepare notations and results
as tools to determine the Smith sets for appropriate groups. In Section 3, we completely
determine the Smith sets of the alternating groups and the symmetric groups. In Sec-
tion 4, we consider certain classes of perfect groups and determine the Smith sets of
PSL(2; q), PSL(3; q) and PSU(3; q2). In Section 5, we treat some classes of non-perfect
non-solvable groups and determine the Smith sets of PGL(2; q) and PGL(3; q). In Sec-
tion 6, we discuss the sporadic groups and their extensions, and compute the related
Smith sets.
x 2. Preliminaries and basic results
In this paper, every group G that we consider is nite. Also, we assume that 1 is a
power of a prime. First we introduce notations. Let RO(G) be the real representation
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ring of G, P(G) the set of all subgroups of G of prime power order, and put
Pe(G) = fP 2 P(G) j jP j = 2a; a  3g and Po(G) = P(G)r Pe(G):
Also we put
Elme(G) = fg 2 G j hgi 2 Pe(G)g and Elmo(G) = fg 2 G j hgi 2 Po(G)g:
Let Op(G) be the smallest normal subgroup of G of order a power of p for a prime p
and L(G) the set of all subgroups L of G such that L  Op(G) for some prime p. Let














ker(FixL : RO(G)! RO(NG(L)=L)) \ A
and AF2F1 = AF1 \ AF2 . By Smith theory, it holds that PSmc(G)  RO(G)P(G).
Theorem 2.1 ([29]). It holds that Sm(G)  RO(G)Po(G).
Note that
RO(G)Po(G) = RO(G)fhgijg2Elmo(G)g:
In particular if G has no element of order 8 then Sm(G)P(G) = Sm(G). For example,
the Ree group 2G2(3
2n+1) [37] and the Suzuki group 2B2(2
2n+1) [36] are simple groups
which have no element of order 8.
Put











Theorem 2.3 ([27, Theorem 2.5]). If ghg2i  hgi for g 2 Elme(G), then it holds
that Sm(G)P(G) = Sm(G).
Let Irr(G) be the set of representatives of isomorphism classes of the irreducible
real G-modules and put
iR(g;G) =
f[V ] 2 Irr(G) j dimV g = 0 = dimV N2(G)g
for g 2 G and
iR(G) = max (fiR(g;G) j g 2 Elme(G)g [ f0g) :
Proposition 2.4. For a group G and its quotient group K, it holds that iR(K) 
iR(G).
Proof. Let f : G! K be a canonical epimorphism. Note that f : RO(K)N2(K) !
RO(G)N2(G) is injective since f(N2(G)) = N2(K), and dim(f
V )x = dimV f(x) for x 2
G and a real K-module V . Let a be an element of Elme(K) such that iR(K) = iR(a;K)
and let b be an element of f 1(a) \ Elme(G). If a real K-module V satises that
V N2(K) = 0 = dimV a then (fV )N2(K) = 0 = dim(fV )b. For an irreducible real
K-module V , fV is an irreducible real G-module. Therefore iR(K)  iR(G).
We can slightly extend Theorem 2.5 [27].
Proposition 2.5. If iR(G)  1 then Sm(G)P(G) = Sm(G).
Proof. Let [U ]   [V ] 2 Sm(G). By Theorem 2.2, we may assume that UN2(G) =
0 = V N2(G). In this situation, according to the proof of Theorem 2.5 [27], if iR(G) = 0
then dimUg > 0 for g 2 Elme(G) and if iR(G) = 1 then U (g) = V (g) for g 2 Elme(G).
In the both cases [U ]  [V ] 2 RO(G)P(G). Therefore Sm(G)P(G) = Sm(G) holds.
We obtain the characters of irreducible real G-modules from the characters of ir-








It takes a value 0, 1 or  1. The value is 1 if and only if the character V is a character
of an irreducible real G-module. If the value is  1 (resp. 0) then 2V (resp. V + V )








for g 2 Elme(G). In particular, if dimC V g > 0 then we do not have to take care about
the indicator of V .
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Lemma 2.6. If there is not an irreducible complex G-module V such that dimV g
is zero for any g 2 Elme(G), then iR(G) = 0.
Let IrrC(G) be the set of representatives of isomorphism classes of the irreducible
complex G-modules. Let G be a central extension of K by H, that is, H  Z(G) and
1! H ! G  ! K ! 1 is an exact sequence. Fix an injective map f : K ! G such that
  f = id and if elements x and y of K are conjugate then f(x) and f(y) are conjugate
in G. The map f is not necessary a homomorphism. An element of G is expressed as
hf(k) for h 2 H and k 2 K. Let V be an irreducible complex G-module. The character
value V (hf(k)) of V at hf(k) can be described as (h)(k) for some [] 2 IrrC(H)
and some [] 2 IrrC(K). In such a case, we denote V by V (; ). This notation depends
on a choice of f . It holds that
IrrC(G) = f[V (; )] j [] 2 IrrC(H); [] 2 IrrC(K)g:
We canonically extend it to a bilinear map V (; ) : R(H)R(K)! R(G), where R(G)
is the complex representation ring of G. Similarly as for iR(G), we put
iC(g;G) =
f[V ] 2 IrrC(G) j dimV g = 0 = dimV N2(G)g
for g 2 G and
iC(G) = max (fiC(g;G) j g 2 Elme(G)g [ f0g) :
Lemma 2.7. iC(G) = 0 if and only if iR(G) = 0.
Proof. Let W be an irreducible real G-module which comes from an complex G-
module V with dimV g = 0 = dimV N2(G). Since W is equal to V , 2V or V + V ,
dimW g is equal to dimC V g or 2 dimC V g. Therefore the statements iC(G) = 0 and
iR(G) = 0 are equivalent.
Lemma 2.8. Let G be a central extension of a group K by a group H of odd
order and  : G ! K a canonical epimorphism. For x 2 Elme(G), it holds that
iC(x;G)  j Irr(H)jiC((x);K) and iC(G)  j Irr(H)jiC(K). Furthermore, if O2(K) =
K then iC(G) = iC(x;G) = j IrrC(H)jiC((x);K) and iC(K) = iC((x);K) for some
x 2 Elme(G).
Proof. Let f : K ! G be an injective map such that   f = id, if elements x and
y of K are conjugate then f(x) and f(y) are conjugate in G, and f(b) is an element of
order a power of 2 for any element b of order a power of 2. Let x 2 Elme(G). Since
jHj is odd, (x) is an element of Elme(K). Since f((x)) 2  1((x)) and x have
order a power of 2, it holds that f((x)) = x. Let [] 2 IrrC(H) and [] 2 IrrC(K)
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with N2(K) = 0. Since V (;)(x) = (dimC )((x)), dimC 
(x) = 0 if and only if
dimC V (; )x = 0, and then iC(x;G)  j IrrC(H)jiC((x);K).
Now suppose that K = O2(K). Then G = O2(G) = N2(G). Since dimC V (; )G =
(dimC H)(dimC K), if dimC (x) = 0 then dimC K = 0 = dimC V (; )G. Therefore
iC(x;G) = j IrrC(H)jiC((x);K).
Proposition 2.9. Let G be a central extension of a group K with O2(K) = K
by a group H of odd order. Then iR(G) = iR(K)+(j Irr(H)j 1)iC(K)=2. In particular,
iR(G) = 0 if and only if iR(K) = 0.
Proof. Let g be an element of G such that iR(g;G) = iR(G). Note that V (;) =
. There are iR(K) elements [V ] of Irr(G) which come from V (R; ) such that
dimV g = 0 = dimV N2(G). Let [] be an element of Irr(H) with  6= R. Then  = 0 and
for [] 2 IrrC(K), there is one element of Irr(G) whose character is V (;) + V (;).
Therefore iR(G) = iR(K) + (j Irr(H)j   1)iC(K)=2. By Lemma 2.7, iR(G) = 0 and
iR(K) = 0 are equivalent.
For an element h 2 G, let
FO(G;h) = h[V ] j V 2 Irr(G); dimV h = 0i  RO(G):
The subset FO(G;h) is a subgroup of RO(G).
Theorem 2.10. If FO(G;h)Po = 0 for all h 2 Elme(G), then Sm(G)P(G) =
Sm(G).
Proof. Let [U ]   [V ] 2 Sm(G). Suppose that U (h) 6= V (h) for some h 2
Elme(G). It holds that U
h = 0 = V h by Smith theory. Then [U ]   [V ] 2 FO(G;h).
Further, it follows from Theorem 2.1 that 0 6= [U ]  [V ] 2 FO(G;h)Po(G).
Let D(G) be the set of pairs (P;H) of subgroups P and H of G such that P 2 P(G)
and P < H. A nite group G is called a gap group [25] if there is a real G-module V
such that dimV L = 0 for L 2 L(G) and dimV P > 2 dimV H for (P;H) 2 D(G). For
example, a non-trivial perfect group is a gap group. A nite group G is called an Oliver
group [18] if there does not exist a pair (P;H) of normal subgroups P in H and H in G
such that P 2 P(G), H=P is a cyclic group and G=H is a group of prime power order.
In particular, a non-solvable group is an Oliver group.
Lemma 2.11. Let G be a non-trivial perfect group. Then G is a gap Oliver
group with PSmc(G) = RO(G)
fGg
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Lemma 2.12. Let G be a gap Oliver group. If G=Gnil is an elementary abelian
2-group, then PSmc(G) = RO(G)
fGnilg




Proof of Lemmas 2.11 and 2.12. If G is perfect then N2(G) = G = G
nil. If G=Gnil




and by Proposition 2.5,
Sm(G)  RO(G)fGnilgP(G) :
Therefore the equality holds.
Let rG be the number of real conjugacy classes represented by elements not of
prime power order. Then RO(G)
fGg
P(G) is a free abelian group of rank max(rG  1; 0). In
particular, PSmc(G) = 0 if rG  1.
In the case where G is not a gap group, we check the weak gap condition. We say
that a G-module V satises the weak gap condition if the following conditions all hold
(cf. [23]).
 dimV P  2 dimV H for (P;H) 2 D(G).
 If dimV P = 2dimV H for some (P;H) 2 D(G), then [H : P ] = 2 and dimV H >
dimV K + 1 for every H < K  G.
 If dimV P = 2dimV H for some (P;H) 2 D(G) with [H : P ] = 2, then the map
g : V H ! V H is orientation preserving for any g 2 NG(H).
 If dimV P = 2dimV H and dimV P = 2dimV H0 for some (P;H); (P;H 0) 2 D(G),
then the smallest subgroup of G containing H and H 0 does not lie in L(G).
Lemma 2.13. Let H be a subgroup of G, V a G-module and gH 2 NG(H)=H.
If (xH) : V H ! V H preserves the orientation, where xH is a generator of a Sylow
2-subgroup of hgHi, then (gH) : V H ! V H preserves the orientation.
Proof. It is clear that (yH) : V H ! V H preserves the orientation for any yH 2
NG(H)=H of odd order. Therefore the assertion follows.
Let D(2)(G) be the subset of D(G) consisting of (P;H) such that the following
properties hold.
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(1) [H : P ] = [O2(G)H : O2(G)P ] = 2 and Op(G)P = G for every odd prime p,
(2) O2(CG(h)) is a subgroup of P for any element h 2 H r P of order 2, and
(3) CG(h) is a 2-group for any 2-element h 2 H r P of order > 2.
We consider the following partial condition (PWGC) of the weak gap condition:
 dimV P  2 dimV H for (P;H) 2 D(2)(G).
 If dimV P = 2dimV H for some (P;H) 2 D(2)(G), then the map (gH) : V H ! V H
is orientation preserving for any gH 2 NG(H)=H of order a power of 2.





A real G-module V is called L(G)-free if [V ] 2 RO(G)L(G) and called nonnegative if
dimV P  2 dimV H for (P;H) 2 D(G). Suppose that P(G)\L(G) = ?. In their paper
[18], Laitinen and Morimoto essentially used the L(G)-free and nonnegative real G-
module R[G]L(G), denoted by V (G). It also holds that dimR[G]PL(G) > 2 dimR[G]
H
L(G)
if (P;H) does not satisfy (1). By [35, Theorem C and Lemma 4.3], there exists an L(G)-
free nonnegative real G-module V fullling that dimV P > 2 dimV H if (P;H) does not
satisfy (2) or (3). Therefore, there exists an L(G)-free nonnegative real G-module W
such that W contains R[G]L(G) as a submodule and dimWP > 2 dimWH if (P;H)
does not satisfy (1), (2) or (3). By [18, Theorem 3.2] with Lemma 2.13, for an Oliver
group G, if a real G-module V satises (PWGC) then V Wn satises the weak gap
condition for some even integer n > 0. In particular, if G is a gap group then taking W
as a gap real G-module, for any G-module V , V Wn satises the weak gap condition
for sucient large integer n > 0.
Proposition 2.14. If U and V are L(G)-free real G-modules satisfying (PWGC)
then there are L(G)-free real G-modules U 0 and V 0 satisfying the weak gap condition
such that [U 0]  [V 0] = [U ]  [V ].
Proof. For each X = U; V , let nX be an even positive integer such that X Wn
satises the weak gap condition. Put m = max(nU ; nV ) and X
0 = XWm for X = U
or V . Since W is nonnegative, the assertion follows.
Therefore, by Proposition 2.14 and [28, Theorem 3.9], the following theorem holds.
Theorem 2.15. Let G be an Oliver group. If U and V are G-modules such
that [U ]   [V ] 2 RO(G)P(G), UL = 0 = V L for L 2 L(G), and both U and V satisfy
(PWGC), then [U ]  [V ] 2 PSmc(G).
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From the next section, we use these results to determine Sm(G).
x 3. Alternating groups and symmetric groups
In G = An or Sn, it holds that ghg2i  (g) for any g 2 Elme(G). This allows to
determine Sm(G) for G = An or Sn.
Proposition 3.1. For the alternating group An,
PSmc(An) = Sm(An) = RO(An)
fAng
P(An)
which is a free abelian group of rank max(rAn   1; 0). In particular, Sm(An) = 0 if and
only if n  7.
Proof. By Theorem 2.3, Sm(An) is a subset of RO(An)
fAng
P(An). For n  7, An has
no element of order 8 and then PSmc(An) = Sm(An) [19]. Furthermore, for n  7,
rAn  1 and then PSmc(An) = 0 by [26, Theorem B3]. Let n  8. Since An is a gap
Oliver group, Theorem 2.11 implies PSmc(An) = Sm(An) = RO(An)
fAng
P(An).
Proposition 3.2. For the symmetric group Sn,
PSmc(Sn) = Sm(Sn) = RO(Sn)
fAng
P(Sn)
which is a free abelian group of rank8>><>>:
0; n = 2; 3; 4; 5;
1; n = 6;
rSn   2 ( 3); n  7:
Proof. By Theorem 2.3, Sm(Sn) is a subset of RO(Sn)P(Sn) and by Theorem 2.2,
Sm(Sn) is a subset of RO(Sn)
fAng. Therefore Sm(Sn) is a subset of RO(Sn)
fAng
P(Sn).
For n  7, Sn has no element of order 8 and then PSmc(Sn) = Sm(Sn) [19].
Furthermore, for n  5, rSn  1 and then PSmc(Sn) = 0 by [26, Theorem B3]. For
n  6, Sn is a gap Oliver group and then PSmc(G) = Sm(G) = RO(Sn)fAngP(Sn) by
Theorem 2.12.
x 4. Projective special linear groups
The next targets are the projective special linear groups PSL(2; q) which are simple
groups for q  4.
Since PSL(2; 2) = D6 = S3 and PSL(2; 3) = A4, it holds that Sm(PSL(2; q)) = 0
for q = 2; 3.
158 Toshio Sumi
Theorem 4.1. For G = PSL(2; q), iR(G) = 0 and PSmc(G) = Sm(G) =
RO(G)
fGg
P(G) which is a free abelian group of rank max(rCq 1 + rCq+1   1; 0).
Proof. If q is a power of 2 then G has no element of order 4 and then iR(G) = 0.
Let q be a power of an odd prime. It is easy to see that rG = rCq 1 + rCq+1 . By
Lemmas 2.7 and 2.11, it suces to show that iC(G) = 0. The character table for G is
known (cf. [1]) and it is induced from the character table for SL(2; q) [17, 30]. First
suppose that q is congruent to 1 modulo 4. Put q = 2s+1t+1, where t is odd. Let x be
an element of G of order (q 1)=2 and y = xt. An element of order a power of 2 greater
than or equal to 4 is conjugate to an element of the cyclic group hyi. The following
table is a part of the character table for G and the dimensions of the hyi-xed point
sets of the irreducible complex G-modules:







(e) 1 q q   1 q + 1 (q + 1)=2 (q + 1)=2
(xa) 1 1 0 ja +  ja ( 1)a ( 1)a
dimV y 1 2t+ 1 2t
2t (2s 6 j j)
2t+ 2 (2s j j) t t
where  = exp(
p 1=(q   1)), 1  i  (q   1)=4 and 1  j  (q   5)=4.
Therefore iC(G) = 0.
Next suppose that q is congruent to 3 modulo 4. Then q   1 is not divisible by 4.
Put q = 2s+1t   1, where s  1 and t is odd. Let x be an element of G of order q + 1
and y = xt. An element of order a power of 2 greater than or equal to 4 is conjugate to
an element of the cyclic group hyi.







(e) 1 q q   1 q + 1 (q + 1)=2 (q + 1)=2
(xb) 1  1  ib    ib 0 1 1
dimV y 1 2t  1 2t (2
s 6 j i)
2t  2 (2s j i) 2t t t
where  = exp(
p 1=(q + 1)), 1  i  (q   3)=4 and 1  j  (q   3)=4.
Note that if t = 1 then (q   3)=4 < 2s. Thus if i is divisible by 2s then t > 1 and
2t  2 > 0. Therefore iC(G) = 0.
Theorem 4.2. Let G = PSL(3; q) or PSU(3; q2). Then iR(G) = 0 and PSmc(G) =
Sm(G) = RO(G)
fGg
P(G) which is a free abelian group.
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Proof. The group G is a simple group. By using the character table [31], we
straightforwardly see that iC(G) = 0. By Lemmas 2.7 and 2.11 we get the assertion.
We have the same result for certain perfect groups.




Proof. SL(3; q) is a central extension of the simple group PSL(3; q) by a cyclic
group of order gcd(3; q   1). Also, SU(3; q2) is a central extension of the simple group
PSU(3; q2) by a cyclic group of order gcd(3; q+1). Therefore the assertion follows from
Theorem 4.2 and Lemma 2.8.
x 5. Projective general linear groups
We consider the projective general linear group PGL(2; q). For even q, it is isomor-
phic to PSL(2; q) which is a perfect group for q  4. For odd q  5, it has a subgroup
PSL(2; q) with index 2.
Theorem 5.1. Let q be a power of an odd prime and G = PGL(2; q). It holds
that iR(G)  1. If G is a gap group, then PSmc(G) = Sm(G) = RO(G)fPSL(2;q)gP(G) which
is a free abelian group of rank rCq 1 + rCq+1   2.
Proof. Let xq 1, xq and xq+1 be elements of G of order q   1, q and q + 1,










(e) 1 1 q q q + 1 q   1
(xq) 1 1 0 0 1  1
(xaq 1) 1 ( 1)a 1 ( 1)a ia(q+1) +  ia(q+1) 0
(xbq+1) 1 ( 1)b  1 ( 1)b+1 0  jb(q 1)    jb(q 1)
Here 1  a  (q   1)=2, 1  b  (q + 1)=2, 1  i < (q   1)=2, 1  j < (q + 1)=2, and
 = exp(2
p 1=(q2   1).
Since the indicator of each irreducible complex G-module is one, the table is also
a character table of the irreducible real G-modules. Note that dim(1)
N2(G) = 1 =
dim(01)
N2(G). Now we show that iR(G)  1. If G has no element of order 8 then we
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have nothing to do. The other cases are the case where q   1 is divisible by 8 and the
case where q + 1 is divisible by 8.
Suppose that q  1 is divisible by 8. Let q  1 = 2st, where t is odd. An element of
order 8 is conjugate to an element of the subgroup hxq 1i. Let y be an element of the








dimV y t+ 1 t
t (2s 6 j i)
t+ 2 (2s j i) t
and then iR(G)) = 0.
Next suppose that q + 1 is divisible by 8. Similarly as above, letting q + 1 = 2st,









dimV y t  1 t t t (2
s 6 j j)
t  2 (2s j j)
Note that if 2s j j occurs then t  3, since j  2s 1t. Therefore iR(G)  1. We have
done to show that iR(G)  1 for any q.
Thus, by Lemma 2.12, PSmc(G) = Sm(G) = RO(G)
fPSL(2;q)g
P(G) and since xq 1 and
xq+1 are elements not of prime power order, rankRO(G)
fPSL(2;q)g
P(G) = rCq 1 + rCq+1  
2:
For odd q, if PGL(2; q) is a gap group then q 6= 3; 5; 7; 9; 17 [35]. If q = 3; 5; 7 then
PSmc(G) = Sm(G) = 0 since rG  1.
Now we discuss the Smith sets of PGL(2; 9) and PGL(2; 17). Since their groups are
not gap groups, we conrm the assumption of Theorem 2.15. Let q = 9; 17 and let xq+1
and xq 1 be an element of PGL(2; q) of order q+1 and q 1 respectively. An element of
PGL(2; q)r PSL(2; q) of order 2 is conjugate to an element of the cyclic group hxq+1i.
Then for (P;H) 2 D(2)(G), if HrP has the element x(q+1)=2q+1 of order 2 then P contains
hx2q+1i. Thus, any element of D(2)(G) is conjugate to (hx2q 1i; hxq 1i), (hx2q+1i; hxq+1i),
or (hx2q+1i; Dq+1), where Dq+1 is a dihedral group generated by x2q+1 and y which is
conjugate to x
(q+1)=2
q+1 . For the groups H in the above pairs of subgroups, NG(H)=H is





q 1 , and x
(q 1)=2
q 1 , respectively.
Proposition 5.2. It holds that
PSmc(PGL(2; 9)) = Sm(PGL(2; 9)) = RO(PGL(2; 9))
fPSL(2;9)g
P(PGL(2;9));
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which is a free abelian group of rank 1.
Proof. We use the notation in the proof of Theorem 5.1. Let G = PGL(2; 9),
U = 
(1)
8  (2)8 and V = (3)8  (4)8 . By the character table for G, we have
RO(G)
fPSL(2;9)g
P(G) = h[U ]  [V ]i:
We show that both U  V and 2V satisfy the weak gap condition. Recall a non-
solvable group is an Oliver group. Then G is an Oliver group. For each (P;H) 2
D(2)(G), we have UH and V H are both isomorphic to R[NG(H)=H] as NG(H)=H-
modules and dimUP = dimV P = 4. Therefore U  V and 2V satisfy (PWGC) and
then RO(G)
L(G)









c(G) = Sm(G) hold.
Proposition 5.3. It holds that
PSmc(PGL(2; 17)) = Sm(PGL(2; 17)) = RO(PGL(2; 17))
fPSL(2;17)g
P(PGL(2;17));
which is a free abelian group of rank 3.


























16 , and Wj = Uj  Vj and W 0j = 2Vj , for j = 1; 2; 3. Then the three
elements [Wj ]   [W 0j ] span RO(G)fPGL(2;17);GgP(G) . For each (P;H) 2 D(2)(G) we have
dimUP = 4 = dimV P , and UH and V H are isomorphic to R[C2] as NG(H)=H-modules.
Therefore Wj and W
0




c(G) = Sm(G) hold.
Therefore the Smith set of PGL(2; q) is a free abelian group for any q, a power of
a prime.
Now we discuss the Smith sets of Oliver groups G with [G : O3(G)] = 3. The
following theorem is a key result for PGL(3; q), obtained essentially by Theorem 1.3
[22].
Theorem 5.4. If G is an Oliver group such that G=Gnil = C3 and Gnil has a




Furthermore, if iR(G)  1 then PSmc(G) = Sm(G) = RO(G)fGgP(G).
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Proof. The Realization Theorem [26, p.850] implies thatRO(G)
fGnilg
P(G)  PSmc(G),








P(G) holds. Otherwise, by Theo-
rem 1.3 [22], PSmc(G) = RO(G)
fGg
P(G) holds. Therefore, if iR(G)  1, then Proposi-
tion 2.5 implies that PSmc(G) = RO(G)
fGg
P(G) = Sm(G).
Note that PGL(3; 2) = PSL(3; 2) = PSL(2; 7) and rPSL(2;7) = 0, which implies
Sm(PGL(3; 2)) = 0. Also note that Sm(PGL(3; 3)) = 0 since PGL(3; 3) = PSL(3; 3)
and rPSL(3;3) = 1. If PGL(3; q) 6= PSL(3; q) then q   1 is divisible by 3. Hence, if
q  1 is not divisible by 3 then the Smith set of PGL(3; q) has been already obtained in
Theorem 4.2.
Theorem 5.5. Let q  4 be a power of a prime such that q   1 is divisible by 3
and let G = PGL(3; q). It holds that iR(G) = 0. Furthermore, PSmc(G) = Sm(G) =
RO(G)
fGg
P(G) which is a free abelian group of rank rG   1.
Proof. The character table for G is well-known [33]. The equality iC(G) = 0
follows from it. Then, by Lemma 2.7, iR(G) = 0 holds.
We show that PSmc(G) = Sm(G) = RO(G)
fGg
P(G). First suppose that q = 4.
We have RO(G)
fPSL(3;4)g
P(G)  PSmc(G) by the Realization Theorem [26, p.850]. Since
rPSL(3;4) = 0 and [PGL(3; 4) : PSL(3; 4)] = 3, or by the character table of G, we see








hold. Suppose that q > 4. It suces to see that the equation PSmc(G) = RO(G)
fGg
P(G)
holds. Since G is a non-solvable group, it is an Oliver group with [G : PSL(3; q)] = 3.
The group PSL(3; q) has a subgroup isomorphic to PGL(2; q) which has a subgroup
isomorphic to D2(q 1) of order 2(q   1). If q is odd, then q   1 is divisible by 6 and




Proposition 5.6. For G = GL(2; 2a) or GL(3; 2a), iR(G) = 0.
Proof. GL(n; 2a) is a central extension of PGL(n; 2a) by a cyclic group of or-
der 2a   1, PGL(2; 2a) = PSL(2; 2a) and [PGL(3; 2a) : PSL(3; 2a)] = gcd(3; 2a   1).
Therefore, Theorems 4.1 and 5.5 and Proposition 2.9, iR(G) = 0 for G = GL(2; 2a) or
GL(3; 2a).
Theorem 5.7. Let a  4 be an even integer. Put n = 2; 3 and q = 2a. For
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Proof. By Proposition 2.9, we have iR(G) = 0. PSL(2; q) = PGL(2; q) has a
subgroup isomorphic to a dihedral subgroup of D2(q 1). Since q   1 is an odd integer
divisible by 3, Lemma 3.3 (1) [35] implies that q   1 is not a power of 3. Therefore
Gnil = PSL(n; q) has a dihedral subgroup of order 2st where s and t are distinct odd
primes. By Theorem 5.4 we have PSmc(G) = Sm(G) = RO(G)
fGg
P(G).
x 6. Sporadic groups and their automorphism groups
There are 26 simple groups which are not classical groups, called sporadic groups.
Atlas of nite groups [10] has an information of prime power maps. The prime power
map for a prime p sends a conjugacy class (x) to (xp). Therefore the numbers iR(G)
and iC(G) for a group G described in [10] can be computed.
Theorem 6.1. For a sporadic group G, iR(G) = 0 and
PSmc(G) = Sm(G) = RO(G)
fGg
P(G):
If G is a sporadic group, then [Aut(G) : G]  2, and Aut(G) 6= G implies that G is
isomorphic to
M12, M22, J2, J3, Suz, HS, M
cL, He, Fi22, Fi
0
24, HN , or O
0N
(cf. [10]). The automorphism groups of these groups are all gap groups [35, Corol-
lary 3.6].
Theorem 6.2. For a sporadic group G, iR(Aut(G)) = 0 and
PSmc(Aut(G)) = Sm(Aut(G)) = RO(Aut(G))
fGg
P(Aut(G)):
We denote by K:n the extension of Cn by K and by m:K:n the extension of K:n by
Cm where Ck is a cyclic group of order k. All groups L = m:K:n listed below are gap
groups, since K and K:2 = Aut(K) are gap groups, and the number iR(L) = 0, which
is also computable by using the software GAP [15]. Therefore we have the following
theorem.
Theorem 6.3. Sm(G)P(G) = Sm(G) with L  G  Lnil for the following
groups L:
3:McL:2, 3:Suz:2, 3:J3:2, 3:F i
0
24:2, 3:O
0N:2, 6:F i22:2, 6:M22:2,
2:M12, 2:HS, 2:Ru
We need more inspection to determine whether Sm(G) is zero for an Oliver group
G such that G=Gnil is not of prime power order.
164 Toshio Sumi
References
[1] Adams, J., Character tables for GL(2), SL(2), PGL(2) and PSL(2) over a nite eld,
http://www.math.umd.edu/~jda/characters/characters.pdf, (2002).
[2] Atiyah, M. F. and Bott, R., A Lefschetz xed point formula for elliptic dierential oper-
ators, Bull. Amer. Math. Soc. 72 (1966), 245{250.
[3] Bredon, G. E., Representations at xed points of smooth actions of compact groups., Ann.
of Math. (2) 89 (1969), 515{532.
[4] Cappell, S. E. and Shaneson, J. L., Fixed points of periodic dierentiable maps, Invent.
Math. 68 (1982), 1{19.
[5] Cappell, S. E. and Shaneson, J. L., The topology of linear representations of groups and
subgroups, Amer. J. Math. 104 (1982), 773{778.
[6] Cappell, S. E. and Shaneson, J. L., Representations at xed points, Group actions on
manifolds (Boulder, Colo., 1983), Contemp. Math., vol. 36, Amer. Math. Soc., Providence,
RI, 1985, pp. 151{158.
[7] Cho, E. C., Smith equivalent representations of generalized quaternion groups, Group
actions on manifolds (Boulder, Colo., 1983), Contemp. Math., vol. 36, Amer. Math. Soc.,
Providence, RI, 1985, pp. 317{322.
[8] Cho, E. C., s-Smith equivalent representations of dihedral groups, Pacic J. Math. 135
(1988), 17{28.
[9] Cho, E. C. and Suh, D. Y., Induction in equivariant K-theory and s-Smith equivalence
of representations, Group actions on manifolds (Boulder, Colo., 1983), Contemp. Math.,
vol. 36, Amer. Math. Soc., Providence, RI, 1985, pp. 311{315.
[10] Conway, J. H., Curtis, R. T., Norton, S. P., Parker, R. A., and Wilson, R. A., Atlas of
nite groups. Oxford University Press, Eynsham, 1985.
[11] Dovermann, K. H., Even-dimensional s-Smith equivalent representations, Algebraic topol-
ogy, Aarhus 1982 (Aarhus, 1982), Lecture Notes in Math., vol. 1051, Springer, Berlin,
1984, pp. 587{602.
[12] Dovermann, K. H. and Petrie, T., Smith equivalence of representations for odd order cyclic
groups, Topology 24 (1985), 283{305.
[13] Dovermann, K. H. and Suh, D. Y., Smith equivalence for nite abelian groups, Pacic J.
Math. 152 (1992), 41{78.
[14] Dovermann, K. H. and Washington, L. C., Relations between cyclotomic units and Smith
equivalence of representations, Topology 28 (1989), 81{89.
[15] The GAP Group, GAP { Groups, Algorithms, and Programming, Version 4.4.12, (2008).
[16] James, G. and Liebeck, M., Representations and characters of groups. Cambridge Univer-
sity Press, New York, second edition, 2001.
[17] Jordan, H. E., Group-Characters of Various Types of Linear Groups, Amer. J. Math. 29
(1907), 387{405.
[18] Laitinen, E. and Morimoto, M., Finite groups with smooth one xed point actions on
spheres, Forum Math. 10 (1998), 479{520.
[19] Laitinen, E. and Pawa lowski, K., Smith equivalence of representations for nite perfect
groups, Proc. Amer. Math. Soc. 127 (1999), 297{307.
[20] Masuda, M. and Petrie, T., Lectures on transformation groups and Smith equivalence,
Group actions on manifolds (Boulder, Colo., 1983), Contemp. Math., vol. 36, Amer. Math.
Soc., Providence, RI, 1985, pp. 191{242.
[21] Morimoto, M., Smith equivalent Aut(A6)-representations are isomorphic, Proc. Amer.
Math. Soc. 136 (2008), 3683{3688.
Smith sets of non-solvable groups 165
[22] Morimoto, M., Nontrivial P(G)-matched S-related pairs for nite gap Oliver groups, J.
Math. Soc. Japan 62 (2010), 623{647.
[23] Morimoto, M. and Pawa lowski, K., Smooth actions of nite Oliver groups on spheres,
Topology 42 (2003), 395{421.
[24] Morimoto, M. and Qi, Y., The primary Smith sets of nite Oliver groups, Group actions
and homogeneous spaces, Fak. Mat. Fyziky Inform. Univ. Komenskeho, Bratislava, 2010,
pp. 61{73.
[25] Morimoto, M., Sumi, T., and Yanagihara, M., Finite groups possessing gap modules,
Geometry and topology: Aarhus (1998), Contemp. Math., vol. 258, Amer. Math. Soc.,
Providence, RI, 2000, pp. 329{342.
[26] Pawa lowski, K. and Solomon, R., Smith equivalence and nite Oliver groups with Laitinen
number 0 or 1, Algebr. Geom. Topol. 2 (2002), 843{895 (electronic).
[27] Pawa lowski, K. and Sumi, T., The Laitinen conjecture for nite solvable Oliver groups,
Proc. Amer. Math. Soc. 137 (2009), 2147{2156.
[28] Pawa lowski, K. and Sumi, T., The Laitinen conjecture for nite non-solvable groups, to
appear in Proc. Edinb. Math. Soc.
[29] Sanchez, C. U., Actions of groups of odd order on compact, orientable manifolds, Proc.
Amer. Math. Soc. 54 (1976), 445{448.
[30] Schur, J., Untersuchungen uber die Darstellung der endlichen Gruppen durch gebrochene
lineare Substitutionen, J. Reine Angew. Math. 132 (1907), 85{137.
[31] Simpson, W. A. and Frame, J. S., The character tables for SL(3; q), SU(3; q2), PSL(3; q),
PSU(3; q2), Canad. J. Math. 25 (1973), 486{494.
[32] Smith, P. A., New results and old problems in nite transformation groups, Bull. Amer.
Math. Soc. 66 (1960), 401{415.
[33] Steinberg, R., The representations of GL(3; q);GL(4; q);PGL(3; q), and PGL(4; q), Cana-
dian J. Math. 3 (1951), 225{235.
[34] Suh, D. Y., s-Smith equivalent representations of nite abelian groups, Group actions on
manifolds (Boulder, Colo., 1993), Contemp. Math., vol. 36, Amer. Math. Soc., Providence,
RI, 1985, pp. 323{329.
[35] Sumi, T., Gap modules for semidirect product groups, Kyushu J. Math. 58 (2004), 33{58.
[36] Suzuki, M., On a class of doubly transitive groups, Ann. of Math. (2) 75 (1962), 105{145.
[37] Ward, H. N., On Ree's series of simple groups, Trans. Amer. Math. Soc. 121 (1966),
62{89.
